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Abstract— In this work, we derive a coordinate-free formulation of the coupled dynamics of a class of 6DOF aerial manipulators consisting of an underactuated quadrotor equipped
with a 2DOF articulated manipulator, and demonstrate that the
system is differentially flat with respect to the end effector pose.
In particular, we require the center of mass of the entire system
to be fixed in the end effector frame, suggesting a reasonable
mechanical design criterion. We make use of an inertial
decoupling transformation to demonstrate differential flatness,
allowing us to plan dynamically feasible trajectories for the
system in the space of the 6DOF pose of the end effector, which
is ideal for achieving precise manipulator tasks. Simulation
results validate the flatness-based planning methodology for
our dynamic model, and its usefulness is demonstrated in a
simulated aerial videography task.

I. I NTRODUCTION
In recent years, micro aerial vehicles (MAVs) such as
quadrotors have demonstrated exciting progress across a
wide range of important fields from precision agriculture [1]
to disaster response [2] and transporting medical products
[3]. The agility, adaptability, payload capacity, and intelligence of these systems enable them to navigate in challenging environments while passively collecting actionable data,
transporting static payloads, and avoiding undesired contact
with obstacles. While these abilities show great promise
for critical challenges faced by society, one of the greatest
current limitations of MAVs as compared to mobile ground
robots and fixed-based robots is their extreme limitations in
physical interaction with the environment. Mobile ground
robots are able to accomplish a wide range of useful physical tasks including dexterous teleoperation [4] and rolling
transport of objects [5]. Fixed-base manipulator arms are
able to complete precision pouring tasks [6] and continue
to develop greater capabilities for manipulation in cluttered
environments [7].
We wish to endow aerial robots with the same capacity
to manipulate objects in their environment, while also allowing them to leverage their much greater workspace and
agility. Significant challenges arise in the dynamic modeling,
planning, and control of aerial manipulators. Without active
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Fig. 1: Schematic representation of the aerial manipulator
considered, consisting of an underactuated floating base B
and two articulated links 1 and 2, both with nonzero inertia,
with coordinate frames located at the center of mass of each
body. The manipulator is designed such that the center of
mass of the entire system S is fixed in the end effector frame
E for all configurations. O is an inertial frame.

compensation in the controller, the coupled dynamics of the
floating base (in our case, a quadrotor) and the manipulator
arm will cause instability or poor tracking performance for
each subsystem [8]. When considering an underactuated
floating base, the most common case for MAVs such as
quadrotors today, an arbitrary disturbance wrench from the
manipulator cannot be instantaneously countered, requiring
the planning of dynamically feasible system trajectories that
allow the base to counter these disturbances.
There has been extensive research in the area of aerial manipulation over the last decade [9]. Aerial manipulators have
tackled problems ranging from inspection by contact [10] to
high-speed payload acquisition [11], while unactuated slung
load systems have been used to precisely transport payloads
[12], [13]. However, prior work in aerial manipulation is
subject to a number of assumptions and restrictions that limit
its applicability to many practical circumstances, including:

The floating base is fully actuated [10] or has a 2D actuation force [14] (as compared to 1D for the quadrotor)
• The dynamics are formulated in 2D [11][15], or end
effector trajectories are limited to the sagittal plane,
preventing full 6DOF manipulation [16], [17]
• A method for planning trajectories in a physically useful
space is absent [18], or criteria for dynamically feasible
trajectories are not established [17]
• The dynamics are not explicitly derived [14], [17]–[20]
or are derived using Euler Angles for the floating base
attitude, introducing artificial singularities [21]–[25]
• Only the inertia of two rigid bodies is considered despite
multiple DOF in the manipulator arm [19], [26]
In this work, we derive a coordinate-free dynamic model
of a 3D aerial manipulator consisting of an underactuated
floating base and a 2DOF articulated arm. The dynamics
of the respective subsystems of the aerial manipulator are
decoupled using a well-known principle involving the center
of mass of the combined system. We then leverage this
decomposition, along with our requirement that the system
center of mass S be fixed in the end effector frame E,
to demonstrate that the system is differentially flat with
respect to the end effector pose. This allows us to determine
the necessary control inputs to nominally track arbitary end
effector trajectories in 6DOF, which is extremely useful for
a wide range of manipulation tasks.
The rest of the paper is organized as follows. In Sec. II,
we more formally define the system in question. In Sec
III, we derive the singularity-free dynamics of the aerial
manipulator. Sec. IV introduces a transformation of the
dynamics that will be useful in planning and control. Sec.
V demonstrates the differential flatness of the system and
determines the required control inputs. Sec. VI applies the
approach to a task in simulation. Sec. VII concludes the
paper.
•

II. S YSTEM D EFINITION
The system consists of an underactuated floating base
comprised by a quadrotor, equipped with a 2DOF manipulator arm, shown in Fig. 1. We establish coordinate frames
at the center of mass of the floating base and two manipulator
links, respectively called B, 1, and 2. We also establish an
inertial coordinate frame O and the end effector frame E,
parallel to 2.
The configuration our system q = {g OB , θ} lives on the
8-dimensional manifold Q := SE(3) × R2 , where


ROB pOB
g OB =
(1)
0
1
is the homogeneous transformation matrix from the floating
base frame to the world frame, and θ is the 2-tuple of joint
angles, also known as shape coordinates. Our velocity vector
is
h
iT
T
v = v TOB ω TOB θ̇
∈ R8
(2)

T
where V OB = v TOB ω TOB is the twist of the floating
base expressed the body frame B. The kinematics of the

floating base therefore take the form
ṘOB = ROB ω̂ OB

(3)

ṗOB = ROB v OB

(4)

where ˆ· is the “hat map” that satisfies âb =a × b ∀ a, b ∈
T
R3 . As inputs, we have u = f T µT τ T ∈ R6 , where
f ∈ R is the thrust in the ROB e3 direction, µ ∈ R3 are
the external moments about the axes of the floating base
frame, and τ ∈ R2 are the joint torques generated by the
arm motors.
As stated above, we will require S, the center of mass
of the entire system, to be fixed in the end effector frame
E. Explicitly, ṗES = 0. At first seeming restrictive, this
requirement can be interpreted as a general design criterion,
which may achieved by ensuring that the axis of rotation of
each link is coincident with the combined center of mass
of the previous links, starting from the floating base. For
the class of aerial manipulators in 3D equipped with 2DOF
arms, this requirement is analogous to the stipulation widely
made in the planar aerial manipulator literature that the first
link in the arm be attached at the center of mass of the
floating base [8], [11], [15], however this is not sufficient
in the full 3D case. This requirement will be necessary to
demonstrate that the pose of the end effector is a valid flat
output for the system, however it is not used in deriving the
dynamic model. Also, experiments have shown that similar
assumptions for planar aerial manipulators can serve as a
useful approximation even in systems where they are not
strictly satisfied [16].
III. DYNAMICS
Because we are interested in dynamic maneuvers, our
system may experience conditions far from the static hover
configuration. For this reason, it is not acceptable to introduce artificial singularities by deriving the dynamics using
a chart on SO(3) (such as Euler angles) as generalized
coordinates. We leverage a generalized Lagrangian method
first presented in [27] and corrected and elaborated in [28]–
[30] to derive coordinate- and singularity-free equations of
motion directly on Q with v ∈ R8 as our quasi-velocities.
As in [30], we define a map q = Φ (ϕ; q 0 ) that parametrizes
the neighborhood of any element q 0 ∈ SE(3) × R2 with
local coordinates ϕ ∈ R8 . Correspondingly, we derive an
invertible mapping v = S(ϕ)ϕ̇ that relates the variation in
ϕ to the resulting element in our velocity space.
In this method, q 0 is the origin of our local coordinate system with ϕ as our generalized coordinates. After
completing the derivation of the dynamics using the local
coordinates, the resulting expressions are evaluated at ϕ = 0
(hence q = q 0 ) and the local velocities ϕ̇ are replaced
by v using the invertible mapping, which will yield global
singularity-free equations of motion in terms of the global
coordinates {q, v}. For a more thorough explanation, the
interested reader is directed to [30].

We can now write

A. Local Maps
The local coordinate mapping is defined as




Rloc (ϕ456 ) ϕ123
Φ (ϕ; q 0 ) = g OB,0
, θ 0 + ϕ78
0
1
(5)
where we choose
Rloc (ϕ456 ) = exp(ϕ4 ê1 ) exp(ϕ5 ê2 ) exp(ϕ6 ê3 )

(6)

where we use the exponential map and the standard basis
vectors ei . The velocity transformation v = S (ϕ) ϕ̇ is
derived by differentiating (5) and simplifying to yield


RTloc ϕ̇123


∨


v =  RTloc Ṙloc 
(7)
ϕ̇78
where we make use again of the hat map and its inverse
∨
v
the “vee map”, defined such that (â) = a. Computing ∂∂ϕ
from (7) will yield S(ϕ) since v is linear in ϕ̇.
B. Manipulator Equations
Using the results from [30], we will derive the coordinatefree dynamics in the form

∂V Oi
(16)
∂v
Since (13) and (15) are linear in v. Now, we consider the
kinetic energy of each body as
1
T
(17)
T i = (V Oi ) Ii V Oi
2
Here, Ii is the 6 × 6 block diagonal inertia matrix


mi I 3 0
Ii =
(18)
0
J3
Ji =

where mi and Ji are respectively the mass and moment of
inertia tensor of body i and I 3 is the identity. Then,
1
T i = v T J Ti Ii J i v
(19)
2
and hence
X
M=
J Ti Ii J i
(20)
i={b,1,2}

Coriolis Matrix, C: The entries of the Coriolis matrix are
given according to [30] as
Cij =

8 
X
∂Mij

∂ϕk
8 X
8 
X

−

k=1

M (θ)v̇ + C(θ, v)v + G(q) = Bu

(8)
+

Inertia Matrix, M: The inertia matrix is defined as

k=1 s=1

1 T
v Mv
(9)
2
where T is the kinetic energy of the system. To start, we
compute a geometric Jacobian for each body, such that


v
V Oi = Oi = J i v
(10)
ω Oi
T =

where V Oi is the twist of body i, represented in its local
frame. We start with the translational velocity in the local
frame expressed as the derivative of the global position.
v Oi = RTOi ṗOi

(11)

Performing useful substitutions,



T
v Oi = (ROB RBi ) ṗOB + ROB ṗBi + ṘOB pBi
(12)
and simplifying yields
v Oi = RTBi (v OB + ṗBi + ω̂ OB pBi )

(13)

where pBi , ṗBi can be directly computed from the transformation matrices between the bodies, which we do not define
explicitly here for brevity. We now find the angular velocity
of each rigid body relative to the spatial frame, expressed in
its local frame by first noting that
ROi = ROB RBi

(14)

so that by using the same kinematics as (3), we obtain

∨
ω Oi = RTBi ω̂ OB RBi + RTBi ṘBi
(15)

1 ∂Mjk
2 ϕi



∂Ssi
∂Ssk
−
∂ϕk
∂ϕi

vk
ϕ=0

(21)


Msj

vk
ϕ=0

Potential Field, G: The potential energy of the system due
to gravity is
X
U (q) =
mi geT3 pOi
(22)
i={b,1,2}

The potential field is therefore given as [30]
G = S −T (ϕ)

∂U (Φ (ϕ; q 0 ))
∂ϕ

(23)
ϕ=0

Input Matrix, B: The input matrix can be found through
D’Alembert’s principal, where we note that the virtual work
done by applied forces is
δW = uT B T δv
= J u δv

(24)

We can derive J u from the physical structure of our system
as
J u = µT J B,ω + f eT3 J B,v + τ1 eT1 (J 1,ω − J B,ω )
(25)

+ τ2 eT2 J 2,ω − eT2 RT12 J 1,ω
where v Oi = J i,v v and ω Oi = J i,ω v, and because (25) is
linear in u,

T 

∂J u
02×6
=
(26)
B=
I6
∂u
This result is expected, since the inputs u can be described
as collocated with a subset of v [31]. We now have an
explicit, coordinate-free, singularity-free representation of
the dynamics. It can also be shown that the matrices have
the state dependencies noted in (8).

IV. I NERTIAL D ECOMPOSITION
In this section, we transform the dynamic equations derived in the last section into a form that allows us to decompose and analyze the fundamental subsystems of the aerial
manipulator. We will find a representation of the system’s
dynamics in a similar form to (8) but with a block-diagonal
inertia matrix and a separation of the underactuated and fully
actuated cascaded physical subsystems. Using principles
related to early work in with spacecraft-manipulators [32],
we utilize the inertial decoupling technique presented in [18],
with the transformed configuration and velocity coordinates




xS
ẋS
Ξ := ROB  , ξ := ω OB 
(27)
θ
ρ
where xS is the position of the system center of mass in
the inertial frame O and ρ is a generalized manipulator
velocity that is independent of xS and ω OB . Drawing from
[18], we relate the standard and decoupled velocities by the
transformation
 
TS
ξ = T v := T ω  v
(28)
Tρ
where T S and T ω are simply the Jacobians of the system
center of mass velocity ẋS and the floating base angular
velocity ω OB respectively, and we must still determine T ρ .
To satisfy the block diagonality criterion, it must hold for
each pair of inertially decoupled velocity elements
T α M −1 T Tβ = 0, α, β ∈ {S, ω, ρ}, α 6= β

(29)

T ρ can therefore derived as a dynamically consistent
nullspace projector as shown in [18] which will achieve this
property. To find T ρ , we first compute

T
Z = N TS Tω
(30)
where N(·) is the nullspace operator. Then the result is
T ρ = (ZM Z T )−1 ZM

(31)

The use of the system center of mass as a decoupling
transformation has been utilized widely in the analysis of
aerial manipulators, and it is physically understood that ẋS
and ω OB will be inertially decoupled since ẍS depends only
on the net external force, and the inertia matrix with any set
of generalized velocities must be positive definite. This is
easily verified by (29).
Having found T , we can now decouple the system by
premultiplying (8) by T −T and performing substitutions for
v, v̇, giving the inertially decoupled dynamics
Λξ̇ + Γξ + N = Bu

(32)

Expanding the above dynamics for each inertially decoupled
subsystem using submatrices from above, we have
S1 :=
S2 :=
S3 :=

where m is the total mass of the system. Note that the transformed Coriolis matrix Γ does not affect the center of mass
dynamics, and the potential field N only affects the center
of mass dynamics. The composition of S1 and S2 is nearly
equivalent to the standard quadrotor, the notable difference
being the velocity coupling with the other subsystems.
V. D IFFERENTIAL F LATNESS
In this section, we will demonstrate that the system is
differentially flat, allowing us to plan dynamically feasible
trajectories for the system in an unconstrained flat space. A
system with state X and input U is differentially flat with
respect to some flat output Y if there exists a diffeomorpism
between y = (Y, Ẏ, ..., Y (p) ) and the extended state x =
(X , U, U̇, ..., U (n) ) [33]. In other words, we must find smooth
algebraic functions determining x as a function of y, and
likewise y as a function of x. With this diffeomorphism,
given any sufficiently smooth trajectory Y(t) in the flat space,
we can determine the necessary inputs U(t) to track the flat
space trajectory and the corresponding system states X (t).
We propose the flat output


ROE pOE
Y := g OE =
(36)
0
1
so that we will be able plan physically useful trajectories via
the pose of the end effector frame E. Note that to strictly
satisfy the classical definition of flatness, the flat space must
be Rn such that the dynamics are transformed into a linear
system. Here we make a mild abuse of the terminology, but
note that any chart on SO(3) injected into our analysis would
automatically provide a choice of flat outputs that strictly
satisfies the classical definition.
A. Constraints Arising From Underactuation
In this section, we will state certain kinematic constraints
on the floating base that must be satisfied by the system’s trajectory due its underactuation. These equations are derived in
detail in [34] for the standard quadrotor. Thanks to the nearequivalence of the standard quadrotor and the combination
of subsystems S1 and S2 of our system, we obtain identical
kinematic requirements on the floating base. Note that here
we employ the shorthand
 
ω1


ω2  := ω OB , b1 b2 b3 := ROB
(37)
ω3
First, we note that we can find directly from the flat output
g OE the corresponding system center of mass trajectory
xS = g OE pES

(38)

mẍS + mge3 = f ROB e3

(33)

Λ2 ω̇ OB + Γ2 ξ = B2 u

(34)

where pES denotes the location of S in E, and successive
derivatives of xS can be found by direct differentiation of
(38). We note that from (33) that the thrust vector must be in
the direction of the combined gravity and acceleration vector.

Λ3 ρ̇ + Γ3 ξ = B3 u

(35)

f b3 = m (ẍS + ge3 )

(39)

Hence we see that
f = m kẍS + ge3 k2

(40)

and projection of the derivative of (39) onto b3 will also
show that
(3)
f˙ = mbT3 xS
(41)
Differentiating (39) twice and solving for the components
of interest will reveal additional constraints on the angular
velocity and angular acceleration of the floating base in the
form


 
m −bT2 (3)
ω1
xS
(42)
=
ω2
f bT1
 


 


f˙ ω1
m −bT2 (4)
ω̇1
ω2
xS − 2
=
+ ω3
(43)
ω̇2
−ω1
f bT1
f ω2

where Aω , Aθ depend only on θ. Expanding the first two
rows and solving for θ̇, we have3
 

  T 
1
0
ω
e1
Aω ω OE − 1
θ̇ =
(52)
0 cos1θ1
eT2
ω2
To find θ̈, we take the derivative of (51)
ω̇ OB = Ȧω ω OE + Aω ω̇ OE + Ȧθ θ̇ + Aθ θ̈

(53)

and solve for θ̈, giving

  
1
0
ω̇
θ̈ =
− 1
0 cos1θ1
ω̇2
 T 
 (54)
e1
+ T Ȧω ω OE + Aω ω̇ OE + Ȧθ θ̇
e2

Using the previous constraints, we can determine the
necessary trajectories for the state variables to achieve the
prescribed end effector trajectory.1 Rearranging (39),

By substituting into (47), (48), (52), and (54) the results
above for ω1 , ω2 , ω̇1 , ω̇2 , and b3 in terms of the flat outputs,
θ, θ̇, and θ̈ are fully determined.
Note that after solving for θ in (47) and (48), ROB can
be determined from (49). Additionally, the solutions for θ̇,
θ̈ from (52) and (54), will provide ω3 and ω̇3 from (51) and
(53) respectively. Finally, ρ̇ can be determined directly from

f RT12 RTB1 e3 = mRTOE (ẍS + ge3 )

ξ̇ = Ṫ v + T v̇

B. State Trajectories

(44)
C. Computing Inputs

and defining for brevity
z :=

(55)

m T
R (ẍS + ge3 )
f OE

we expand the left-hand side of (44), giving


− cos θ1 sin θ2

=z
sin θ1
cos θ1 cos θ2

(45)

(46)

where we use the notation
 

B2
= Bf
B3

allowing us to determine the joint angles θ as2
θ2 = atan2 (−z1 , z3 )

(47)

θ1 = atan2 (z2 sin θ2 , −z1 )

(48)

To determine the joint velocities θ̇, we rearrange the forward
kinematics of the manipulator
T

ROB = ROE (RB1 R12 )

(49)

and differentiate, also using (3), to determine

∨
T
T
ω OB = RB1 ṘB1 + RB2 Ṙ12 RTB1 + RB2 ω̂ OE RTB2
(50)
where we note that ROE cancels out. We can rewrite (50)
in explicitly linear form as
ω OB = Aω ω OE + Aθ θ̇

Now, using the transformed dynamics in (33)-(35), we can
determine the necessary inputs to track the trajectory. f was
already determined above for convenience in the derivation.
It is then straightforward to compute
 


  

µ
Λ2 0
ω̇ OB
Γ
−1
= Bµτ
(56)
+ 2 ξ − f Bf
τ
0 Λ3
ρ̇
Γ3

(51)

1 For comprehensibility, we analyze here the particular geometry of Fig.
1, but this approach can be used for any geometry satisfying the center of
mass assumption discussed previously.

2 The relationships (47), (48) hold on the domain θ ∈ − π , π ×(0, π),
2 2
the self-collision-free workspace of the system.

Bµτ



(57)

Intuitively we know that Bµτ will be invertible because the
S1 and S2 subsystems are fully actuated, but in fact it can
be shown that it is upper triangular and full rank.
The inverse diffeomorphism is trivial since it is simply the
system’s forward kinematics. The fourth derivatives of the
flat outputs appear in the equations, hence for any g OE (t) ∈
C 4 satisfying self-collision constraints, we can determine the
necessary inputs u(t) to permit the end effector to track
exactly that trajectory, as well as the transformed system
state {Ξ(t), ξ(t)} corresponding to that trajectory in the flat
space. It is straightforward to then transform back to the
original representation {q(t), v(t)} using the results already
given.
In addition to planning dynamically feasible trajectories
and solving for nominal inputs, the application of this
approach to a physical system would require a closed loop
3 Note that θ = ± π corresponds to the physical singularity when
1
2
the axis of θ2 is parallel to the b3 axis, which causes a loss of full
manipulability due to the physical structure of the system. However, in
practical circumstances self-collision would prevent this configuration from
ever occuring.

an aerial manipulator is ideally suited. Fig. 2 demonstrates
such a trajectory orbiting a subject, specified in the flat space.
Using the proposed approach, we are able to compute the
system’s state trajectory and input profile corresponding to
the prescribed trajectory gOE (t) in the flat space shown
respectively in Fig. 3 and Fig. 4. We simulate applying
these inputs to the system completely open-loop with no
stabilizing controller, and demonstrate that the end effector
tracks the desired trajectory with translational and angular
RMSE of 3.3 × 10−8 m and 2.7 × 10−5 rad over a 15 s
trajectory, which is consistent with the expected numerical
error from integrating the system’s nonlinear dynamics. The
simulation is presented in further detail in the accompanying
video. 4
VII. C ONCLUSION
Fig. 2: The system tracks a 6DOF end effector trajectory in
simulation to achieve a precision aerial videography task.

controller. This is not addressed in detail here due to
space constraints. However, because of the similarity of the
composition of S1 and S2 to the standard quadrotor, it is
possible to adapt well-known controllers from the literature
[35] to the transformed subsystems by canceling the velocity
couplings in the S2 system, which is possible due to S2
being fully actuated. Since S3 is also fully actuated, feedback
linearization can provide a straightforward controller for the
arm subsystem. The cascaded configuration of the rotational
and translational subsystems indicates backstepping control
design as an obvious choice to stabilize the system [33].
VI. S IMULATION
MATLAB’s symbolic manipulation toolbox was used to
derive the system dynamics and perform the inertial decomposition according to the steps described in Sec. III and IV.
The diffeomorphism presented in Sec. V was implemented
to verify its correctness for the dynamic model derived. To
demonstrate the usefulness of being able to prescribe an
arbitrary smooth trajectory for the end effector pose, we turn
to aerial videography, a field that MAVs have dramatically
expanded in recent years. A videographer may wish to
capture a shot that dramatically varies the perspective while
precisely maintaining a subject centered in the field of view
and keeping the horizon line flat in the shot, a task for which
2

This paper derived a coordinate-free dynamic model for
a class of 3D aerial manipulators, avoiding the artificial
singularities introduced by most prior work and accounting
for the inertia of all three coupled rigid bodies. Using this
model and an inertial decoupling transformation, the system
was demonstrated to be differentially flat with respect to
the end effector pose, allowing us to track an arbitrary any
physically realizable task-space trajectory in 6DOF. For this
task, the proposed system is minimal in the number of inputs
as the dimension of the flat output manifold and input vector
is 6. Exciting future opportunities include the implementation
of the planning approach on a physical platform for the
completion of real-world manipulation tasks, and a more
general formulation for an n-link manipulator. Additionally,
while the derivation of the dynamics is not limited to the case
where the system center of mass is fixed in the end effector
frame, the flatness argument relies on this to achieve a closed
form solution. In the general case, (44) results in a system of
nonlinear ODEs that cannot be solved analytically. However,
it may be possible to incorporate these as constraints in a
nonlinear optimization-based planner, suggesting the applicability of some of these ideas in cases where the center of
mass criterion required here is not realistic.
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Fig. 3: A portion of the state trajectory computed from the
end effector trajectory in the flat space depicted in Fig. 2.
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Fig. 4: Input profile necessary to achieve the end effector
trajectory in the flat space depicted in Fig. 2.
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